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This paper reviews the current modeling techniques in the literature and proposes a new one to model bonded
patch repaired metallic plates by including all known effects on fatigue crack growth rate. The modeling technique
makes use of 2-D plate finite elements and takes into account adhesive progressive failure and the secondary bending
effect due to the unsymmetrical configuration of single-sided repair patches. First, comparisons between this 2-D
model and a 3-D model were carried out to validate the 2-D bending analysis and the calculated crack-tip stress
intensity factors. This modeling technique was then implemented into a computer code interfacing with the
commercial finite elements package MSC NASTRAN. Calculated crack growth lives were validated by published
experimental tests for three different aluminum plates. Second, the computer code was used to conduct a parametric
study on the patch geometries for two different substrate thicknesses showing that for a thinner substrate fatigue
crack growth life can be improved by a smaller patch. Finally, a design tool has been developed to determine the most
effective patch dimensions for a prescribed fatigue life target.

1. Introduction

ETALLIC aircraft structures are subjected to fatigue cracking

under service loads. Replacing damaged components is often
very expensive; therefore various repair techniques have been
developed. Traditional repair methods involve the use of riveted or
bolted patches. These methods can be inefficient as fastener holes
introduce further stress concentration in the structure. In the last
20 years a repair technique using bonded fiber composite patches has
been developed and employed for metallic aircraft components [1].
These patches have been used on the upper and lower wing skins,
landing gears, fuselage, and fin skins of the Hercules, Mirage III, and
FI111 [2].

Although double-sided symmetric repair is more effective, often
single-sided patches are applied to damaged (cracked) structures to
accommodate the design requirements, for example, maintaining the
aerodynamic shape. Consequently, secondary bending is generated
by the asymmetric geometry, which reduces the effectiveness of
repair due to a higher stress intensity factor (SIF) on the unpatched
side of the plate [3]. This results in a faster crack growth rate on the
unpatched side and nonuniform crack front profile through the
thickness direction. The early analytical method developed by Rose
[4] for calculating the limiting value of SIF is not suitable to single-
sided repairs because it cannot cope with the secondary bending
effect. Young and Sun [3] later developed a method to model the
bending effect on SIF using 2-D plate finite elements (FE). Arendt
and Sun applied this method to a patch repaired plate and found that
not all configurations have a limiting value of SIF [6]. Using 2-D
finite elements in conjunction with the modified virtual crack closure
technique (MVCCT) [7-9], Sun et al. [10] found a linear distribution
of SIF through the thickness of the plate. Wang and Rose [3,11] have
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claimed that only the rms value of the SIF distribution along the crack
front can be calculated by the strain energy based method. However,
because the maximum SIF is attained at the unpatched side and needs
to be determined, they assumed that the ratio of the maximum SIF to
the minimum SIF (at the patched side) was a constant with the crack
length and linear function with the maximum and minimum applied
stresses. Therefore, a relation between the maximum and rms SIF
was found [3].

Single-sided patched plates show a curved crack front under
fatigue propagation. One major obstacle in predicting fatigue crack
growth (FCG) life for a curved crack front by using a Paris law-type
equation is the fact that SIF varies along the crack front, from the
patched side to the unreinforced one; there is no single SIF value to
describe the crack front stress behavior. Therefore, a representative
SIF value is needed for FCG life prediction. The maximum SIF
will result in an overconservative prediction because it misses an
important range of the SIF values for all other points along the crack
front. Itis only by averaging the SIF of all points that the error may be
maintained at a small level. The mean and the rms values are both
good candidates. The latter is related to the total average strain energy
release rate [3]. Klug et al. [12] showed that the best agreement with
testresults, in terms of FCG life, was obtained by using the rms value
of SIF distribution.

Recently, 3-D finite element models have been developed to study
fatigue crack growth behavior of patch repaired plates taking into
account the nonstraight crack front due to asymmetric geometry and
secondary bending, for example, [13—16]. These models contain a set
of points along the crack front, which are used to calculate the SIF at
these points that are then used to estimate the crack growth increment
at each point using a material crack growth law that is similar to the
Paris law; the crack front is then updated by remeshing the region and
running subsequent modeling analyses. Their numerical results were
in good agreement with the experiments, even though the disbond
between the plate and patch was not considered. In fact, disbond
develops during fatigue loading due to stresses being transferred
from the cracked plate to the repair patch through the adhesive layer
by shear stresses. These shear stresses, if they exceed the adhesive
shear strength, will cause adhesive failure and reduction of the
effectiveness of the patch repair [12].

The aim of the work presented in this paper was to develop and
validate a 2-D modeling technique to calculate the stress intensity
factors of single-sided patched plates and use the SIF to predict the
crack growth life. The model is much less demanding on computing
time and considers all known effects: crack bridging, secondary
bending, and adhesive disbond. The main contributions to the field
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are as follows. First, a novel method to calculate the SIF along the
crack front is developed for 2-D plate elements, which leads to a
parabolic distribution of the strain energy release rate and an SIF
distribution that is the square root of the parabola. Results obtained
by this 2-D model are compared with 3-D model results (Sec. [V.B),
and a geometrically nonlinear effect is demonstrated (Sec. IV.C).
Second, progressive disbond growth is modeled according to a
modified Griffith’s fracture criterion for mixed failure mode, which
interacts with the substrate crack growth; this is different from the
main literature, where disbond, if considered, is imposed by
experimentally observed shape and size. Third, a weight function is
proposed to describe the SIF distribution through the thickness and
compute an equivalent SIF value for crack growth life prediction.
Comparisons with experiments (from [13]) are made (Sec. [V.D).
Finally a parametric study is performed for different patch geo-
metries and a tool to determine the best patch dimension for a given
fatigue life target is developed (Sec. IV.E). It is worth mentioning
that this modeling technique can be applied also to the design of
selective reinforcement using bonded straps [17-19], because the
involved failure mechanisms and modeling approach are the same.

II. 2-D Finite Element Model

The mechanisms that need to be modeled for a patched plate are
summarized as follows: 1) the stiffening and bridging action done by
the patch to a cracked substrate. Part of the substrate stresses is
transferred to the patch, which reduces the crack opening stress and
crack propagation rate; moreover, the patch also decreases the crack
opening displacement by exerting traction (bridging) forces on the
crack surfaces. 2) Adhesive progressive failure (disbond) due to the
shear stress transfer from substrate to patch. This disbond failure
will reduce the stress transfer capability, hence the bridging and
stiffening effect. 3) Secondary bending due to unsymmetrical
configuration (one-sided patch). This causes higher stresses at the
unpatched side of the substrate and lower stress at the patched side
producing different crack growth rates along the thickness direction
and resulting in a curved crack front. Each mechanism should
be modeled to calculate the stress intensity factors for predicting
FCG life.

Obviously these 3-D effects can be dealt with by 3-D FE models.
Excessive computing power and time will be needed, because a very
fine mesh is necessary to avoid the element aspect ratio problem due
to the very thin adhesive layer. On the other hand, 2-D models may be
used for this problem, but some formulas and techniques must be
implemented to correctly model the 3-D effects, that is, displacement
variation and continuity in the thickness direction, secondary
bending, and crack bridging effect. For this reason, an enhanced
2-D modeling technique that is able to cope with each of the
aforementioned effects has been developed.

2-D plate finite elements are employed for the substrate and 2-D
laminate or plate elements for the repair patch. Adhesive is modeled
by three coincident spring elements to simulate the peel and two
transverse shear actions; these springs are connected to two rigid
elements to model the adhesive layer thickness (Fig. 1). This
adhesive model was originally developed by Tahmasebi [20] for
analyzing bonded joints. It is employed in this work to model the
progressive cohesive failure of the adhesive by simply deleting
the spring elements when disbond occurs. The stiffness values of
the spring elements (K, for the peeling action, K,, and K, for
transverse shear) are determined by the following equations:

nodes ()
hr ______ - - - @ - - - P - -
1 T nodes (a2)
° °
h «—
a ° °
) | nodes (al)
[ D o
s ® T % hodes (5)
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1559

Plate elements

Spring
elements

______________

Fig. 2 Area A, used for calculating the stiffness values of the spring
elements to model the adhesive.

AaEa
K(IZ = t ’ K(ZX = Kay = (1)

where A, is the area of the adhesive element (Fig. 2), E, is the
adhesive elastic modulus, G, is the adhesive shear modulus, and ¢, is
the adhesive thickness.

In the model the bottom face of the adhesive is connected to the top
of the substrate by means of multipoint constraint (MPC) equations
and the Mindlin plate theory [21]. The same is employed for the
adhesive/patch interface. Based on the Mindlin theory, with the
origin and the x and y axes of the coordinate system on the midplane
of the 2-D plate element and the z axis normal to it, the ith-nodal
displacement components of a plate element can be written as

u(@);=uf +z¢7,  v(@); = —z2¢f,

t_ o _t 2)
T2=%=3

where ¢ is the thickness of the plate element, u{, v¢, and w{ are,
respectively, the nodal membrane displacements in the x, y, and z
directions, ¢! is the nodal rotation around the y axis, and ¢7 is the
nodal rotation around the x axis. Naming the nodes that belong to the
substrate and connected to the adhesive as nodes s, the nodes that
belong to the bottom and top of the adhesive as nodes al and a2,
respectively, and the nodes that belong to the reinforcement patch as
nodes r (see Fig. 1), the MPC equations can be written as

w(z); = wy

0 — 2y0
wul = Wy

W= S g = -,
2 2
/ ; 3)
”32:”3—5#7 Ufl’zzvf"‘éqyf’ woy = Wy
where subscripts s, al, a2, and r indicate the plane that the nodes
belong to (see Fig. 1), and ¢, and ¢, are the thickness of substrate and
reinforcement patch, respectively.

In this way, the 3-D effects and secondary bending are taken into
account. The bridging action and adhesive disbond failure are
subsequently modeled by this 2-D model as presented in Sec. IIL.B.
Secondary bending is an intrinsic characteristic of one-sided bonded
structures; hence a geometric nonlinear analysis is required. Errors

reinforcement (r)

shells

shells

Fig. 1 Schematic of the employed finite elements for modeling the substrate plate, repair patch, and adhesive. Spring nodes are coincident in the model,

but are presented as detached for clarity.
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produced by geometric linear analysis were also calculated and
presented in Sec. IV.C.

III. Fracture Mechanics Analysis
A. Effect of Secondary Bending on Stress Intensity Factor
Linear elastic fracture mechanics is used to calculate the principal
parameters that govern fracture failure. Using the 2-D FE model and
the MVCCT [7-9], the strain energy release rate (SERR or G) can be
computed for the lead crack in the substrate.! In the absence of
bending, the following equation is used:

1

G =—
! 2Aat,

Five 4)

FYAv = —

Aat,

where Aa is the crack length increment, ¢, is the substrate thickness,
F} the constraint force at the crack-tip node, and 10 = Av?/2
the displacement at the node immediately behind the crack tip

(see Fig. 3).
The SIF is determined by
K; = GE} (5)
where
E, .
E: =E, (plane stress), E: = =2 (plane strain) (6)

N

and E| is the elastic modulus of the plate, and v, the Poisson’s ratio.

When bending is present, methods are available in the literature.
Young and Sun [5] and Sun et al. [10] divide G into two components,
one due to the traction force (G,,) and the other due to the bending
moment (G, ):

1 1

Fivg, Gy == 7a M )

G, =—
Ir Aat,

where F and M are the constraint force and moment at the crack-tip
node, and v{ and ¢; are the displacement and rotation at the first node
behind the crack tip based on the Mindlin plate theory [see Eq. (2)

and Fig. 3]. The SIF is also calculated in the form of two components
[3.10]:

KIF = \/GIFE;kv KIM =V 3G1ME§ (®)

Itis assumed that the SIF variation in the thickness direction is linear;
thus a distribution function K;(z) is written as

2z

K,(z) =K;, +—
tS

K, ®

However, Wang et al. [3] and Wang and Rose [11,22] have shown
that a through-thickness distribution of SIF cannot be obtained by
calculating the strain energy release rate. They claim that, from an
energy point of view, only the total SERR can be computed (that is
G,,,) from its two components, one due to the traction (G,,) and the
other one due to bending (G,,,):

1 y
G, =G, + 6y, = —E(F.%U? + M;¢;) (10)

From this G, they claim that only the rms of SIF can be calculated
from Eq. (10), that is

1
K, = VvGE = \/— Aat (Fiv? + M3¢Y)E* (11)

We have developed a different approach to the aforementioned
two methods. In this work, Eq. (4) is employed at different thick-
ness levels. Based on the Mindlin plate theory, distributions of

$In this section, SERR and SIF are for the substrate crack; hence the
subscript “substrate” (s) is omitted for briefness and clarity.

¢, F*

s

0
L-
_____________ — -
x M;
Fig. 3 Parameters used in the MVVCT for the substrate crack. The
dashed line (y = 0) represents the symmetry of the geometry.

displacement and constraint force can be obtained from the nodal
values as functions of the thickness variable z (see Fig. 3):

1M
F()=F =2 (12)

s

U (Z) = v.(v) - Z(,bi’

Substituting Eq. (12) in Eq. (4) the SERR distribution through the
thickness can be obtained

1

GI(Z) = _MFS(Z)US(Z)
Migr ,  (12MR0 | g FD
__12m : - 13
Aat} ( Aat} + Aat, Aat, (13)

Using Eq. (3) to connect K; with G,, we obtain a K distribution:

0 0,,0 0 0,,0
K;(z) = \/[— M9 2+ (12M ; +ﬂ) s ]E (14)

Aat? Aa?? Aat)*” Aar

Thus, a through-thickness distribution of the crack front SERR and
SIF can be determined. It should be noted that the mean value of
the SERR [Eq. (13)] through the thickness equals the so-called
“total” SERR (G, ) derived by Wang and Rose [Eq. (10)]:

ol

e 1 ,
Gl :z_/ Gi(2)de = —— (F3v§ + Migy) =Gy, (15)

§ % at.}

Moreover, the rms value of the SIF obtained from Eq. (14) is
analytically equal to the one found by Wang et al. [3] and Wang and
Rose [11,22] [Eq. (11)], in fact,

1 3
K = [— K;(2)? 1
Irms \/ts/z + 15/2 /;é I(Z) dZ ( 6)

Applying Eq. (5) along the thickness and Eq. (15), we get

1 14
K= [+ [ Gi@E: = /G Ef

sV

1 ,
= \/— o (F 4 MIgDE; an

It can be seen that Eq. (17) is the same as Eq. (11).

The SIF obtained by this approach [Eq. (14)] is the square root of a
parabola, therefore it is different analytically from the one derived by
Young and Sun [5] and Sun et al. [10] [Eq. (9)]; the latter gives a
linear distribution. Although the analytical expressions are different,
calculated SIF values for the cases examined here are very close. This
proposed method permits computing the crack front SERR and SIF
along the thickness. The parabolic distribution of SERR is confirmed
by a 3-D FE analysis in Sec. [V.B.
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B. Strain Energy Release Rate on Disbond Front and Disbond
Growth Modeling

In this paper adhesive disbond growth is interactively modeled
with the substrate crack propagation. In most of the literature papers
on selective reinforcement or patch repairs, disbond is either not
and size as a function of the substrate crack length by observing the
test results [6,10,12].

In this work the disbond front is determined for each substrate
crack length (a). This is done by calculating the strain energy release
rate for each group of the spring elements at the disbond periphery by
the MVCCT method while keeping the memory of the propagation
direction

_ Faz(waZ — wal) _ Fay(vaz - 1)al)

G = Gy =

2AA, ' 2AA,
18)
G =_Fax(MaZ_ua1)
i T 2AA,
where F, , F,,, and F,, are the forces in the springs, w, v, and u are

the corresponding displacements of the nodes immediately behind
the disbond front, and AA, = Alb, is the crack extension area that is
released to compute the SERR (see Fig. 4).

By using a mixed mode failure criterion [23,24] [Eq. (19)], the
failing adhesive elements due to disbond growth are identified and
deleted from the FE model to simulate adhesive disbond progression

G G G
B I S
Gic  Gue

> 1 (19)
GIIIC

where Gy¢, Gy, and Gy are the critical strain energy release rates
for modes L, IT, and ITIL.YIf the disbond shape or size has changed, then
a subsequent FE analysis is performed to find the new forces and
displacements in the spring elements, recalculated the G values, and
applied the failure criterion. When the disbond front is steady, that is,
no more spring fails, the substrate crack-tip node is released and, by
applying the MVCCT for the crack, SERR distribution is calculated
for the new lead crack length. Clearly this disbond growth model
does not take account of the cyclic load effect, which is the loading
mode that most repaired components are subjected to. However,
disbonds in the patch repair and bonded crack retarder problems
are mostly due to the peak stress caused by the stress “singularity”
by the substrate crack rather than fatigue cyclic loads. This disbond
growth modeling technique has been validated against published
experimental tests [17,19] and presented in Sec. IV.

C. Fatigue Crack Growth Calculation

The aim of this analysis method is to predict FCG life for patch
repaired plates. Therefore, a material law for the FCG rate is needed.
In this study the NASGRO equation [25] is chosen:

da 1-f "[1 - (AKy/AK)J
aw C[(l = R) AK] TR

where N is the number of cycles, C, n, p, and ¢ are material
constants, f is a coefficient for the crack closure effect, AKy, is the
threshold SIF, K is the fracture toughness, AK = K, ,, — Kyn 18
the applied SIF range, and R = 0.,/ 0max 1S the cyclic stress ratio.

Two problems must be solved before applying this equation to
compute the FCG life. The first is due to the geometric nonlinearity of
the model. The second is due to the nonuniform distribution of SIF
along the thickness of the crack front, but only one representative SIF
value is needed for the NASGRO equation for every crack profile.
The methods we have used to deal with these are presented in the
following two sections.

IBecause of the lack of data Gy is assumed to be equal to Gy for the
adhesive used in this paper. The error is negligible because for this problem
disbond is mode II dominated.

Candidate
element MPC

: Nodc;x/
: ] K
iy 5 A -2 BN b

A g Nodes a2 : r
a2 Fy$ ta
w,, : é
“ I va/]t/ F ¢ Nodes al ® 3

Reinforcement ()

Adhesive(a)
] : :
U, g / f g t'\/z
Substrate (s) \ ﬁodes s

S Al \
* Disbond
front

Fig. 4 Schematic of the parameters in the MVCCT for calculating the
strain energy release rate for the spring elements at the disbond front.

MPC

1. Geometric Nonlinearity: Alternate Stress Intensity Factor Analysis

In the absence of bending, the SIF range (AK) of any load
levels can be calculated by just one FE analysis at a given applied
stress. For example, at the applied stress o, K;_is calculated and a
dimensionless SIF, called the geometric or B factor, can be
established. This is only a function of the geometry and boundary
conditions:

— KI«\
ﬂ - GX«/E (21)

from this B factor, SIF at any given stresses, for example, maximum
and minimum stresses, and the SIF range (AK;) can be determined

K, . = Bomx~/ma, K, . = Bominvma, AK; = BAc+/ma
(22)
and the R ratio is
K; . ;
R — Linin — Umlﬂ (23)

Tnax Omax

When the problem is geometrically nonlinear, the above relations do
not hold any more, because the § factor is also a function of the
applied stress,* that is,

K, K K, K Oomin
2 ;é Tinax ;é Tnin and R = Tnin # (24)
Oy Omax Omin Tnax Omax

This means that the dimensionless SIF (8 factor) does not exist due to
the geometric nonlinearity. AK must be determined by running two
FE analyses at the maximum and minimum applied stresses,
respectively. We named this method the “alternate SIF analysis”
under cyclic loads. This leads to an effective SIF range AK and
effective R ratio, which is different from the nominal cyclic stress R
ratio (see Sec. IV.C).

2. RMS vs Weighted Stress Intensity Factor

Another obstacle in predicting FCG rates for a crack front is the
fact that SIF varies along the crack front but only one representative
SIF value for each crack profile is needed for Eq. (20) to calculate
FCG rates and lives. The maximum, the mean, and the rms values are
all good candidates; the rms is related to the through-thickness
“average total” value of the strain energy release rate. Klug et al. [12]
showed that the best agreement with test results was obtained using
the rms value of SIF. The maximum SIF, that is, the SIF on the
unpatched side, leads to an overconservative life prediction because

**Displacements, stresses, and SIF are not linear with the applied stress
anymore; the dependency of SIF on applied stress cannot be removed.
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Table 1 Mechanical properties of substrate plate, repair patch, and adhesive found in [13,14] and used in this model

Density Elastic modulus Shear modulus Poisson’s ratio
P E, E; G G Gy Viz Vi3 V23
g/cm? GPa GPa GPa GPa  GPa
Aluminum 7075-T651 (T-L) 2.81 71.02 71.02 269 26.9 269 032 032 032
Carbon epoxy 1.8 134.0 10.3 5.5 5.5 32 033 033 053
Adhesive 1.1 2.76 2.76 1.04 1.04 1.04 032 032 032

the interactions of all other SIF values through the thickness are
neglected.

To take account of the fact that the crack length at the unpatched
face is dragged back by all other shorter crack lengths (and vice
versa), a weight function is developed in this work. This weight
function is based on the fact that the crack front, which has to be
modeled as a straight line if 2-D FEs are used, actually has a parabolic
shape. Assuming that the parabola vertex is at the unpatched side and
the value is 1 and that the value on the patched side is 0, a parabolic
equation is obtained

1 3

1 2
= — — —_— — 2
W(z) tfz RZ +2 (25)

Using this weight function [Eq. (25)] and the through-thickness
SERR distribution [Eq. (13)], a weighted SERR (G,,) can be
determined:

Gy = I 5,3 ZV(nG,(mdz
Zin W(2)dz
9 M°% 1 [/12M%° @F°\ FO°
:‘ﬁm‘g( Aar A_a)_Aat (26)

Similarly, a weighed SIF (K, ) can be found using Egs. (5) and (26).

Hosseini-Toudeshky and Mohammadi [15] modeled patch repairs
and compared two 3-D FE models, one having a curved crack front
and the other a straight crack front (that can be modeled by 2-D FE
analysis). They found that FCG life can be predicted by the simpler 3-
D FE model with straight crack front using an equivalent SIF; the
representative SIF is in a position along the thickness that depends on
the elastic modulus of the plate and patch, as well as the plate
thickness. That position was found to be between 0.32-0.37 of the
plate thickness from the unpatched side. In a similar way, Eq. (26)
gives a weighted SIF that can also be associated with a position on the
crack front and is associated with the parabolic shape of the actual
crack front.

Calculated FCG lives for three patched plates are presented in
Sec. IV.D based on geometrically nonlinear analysis, that is, the
alternate SIF analysis, and disbond simulation. Three different SIF

0L

N bottom

Fig. 5 Specimen configuration and geometry; initial crack length was
20 mm.

values were used in the NASGRO equation for life prediction; these
were the maximum (at unpatched side), the rms, and the weighted.

IV. Results and Discussion

A. Analysis Examples

Test results published in [13,14] are used in this study for
validating the models. A test specimen is shown in Fig. 5. The
substrate plate was made of aluminum alloy 7050-T651 of three
different thicknesses: 2, 6, and 10 mm. The repair patch was made of
unidirectional carbon/epoxy laminate with fibers in the load
direction. The maximum applied stress was 0., =45 MPa at a
stress ratio of R = 0.1. The patch thickness also varied in order to
have a constant stiffness ratio defined as [13,14]

E.t
= rr:l

E,t,

27

where E, and E,, and ¢, and ¢, are, respectively, the Young’s
modulus and thickness of the plate and reinforcement patch.
Mechanical properties for the substrate plate, patch, and adhesive are
given in Table 1.

B. Effect of Secondary Bending

This section presents calculated SERR and SIF distributions
through the thickness and validation by a 3-D FE model (also
performed by the authors). The specimen was 6 mm thick and the
geometry is shown in Fig. 5. Disbond was not modeled at this stage in
order to focus on the influence of secondary bending on SERR and
SIF distributions.

In Fig. 6 the SERR distribution through the thickness is shown for
four crack lengths. It can be seen that the difference between the 2-D
(G, 2-D) and 3-D (G, 3-D) results is relatively small. It should be
noted that a parabolic fitting curve (G; 3-D par) perfectly fits the
shape of the SERR obtained by the 3-D model with an exception at
the bottom and top of the plate.Z This confirms that the SERR
distribution has a parabolic shape. In Fig. 7 the corresponding SIF
distributions along the crack front are shown. It can be seen that the
difference between 2-D (K; 2-D) and 3-D (K, 3-D) FE results is
small. The SIF computed by the 2-D FE analysis looks like a line but
it is actually the square root of a parabola [Eq. (14)]. For the 3-D FE
results a fitting line (K; 3-D lin) was plotted and the difference in
shape is small but noticeable. In Fig. 8 both SERR and SIF obtained
by 2-D and 3-D FE analysis are plotted against the crack length for
different positions through the thickness. Good agreement is
achieved between the 2-D and 3-D FE analysis results, thus the 2-D
modeling technique developed in this work is suitable to compute the
secondary bending effect and the SERR and SIF distributions
through the thickness.

C. Effect of Geometric Nonlinearity

The geometric nonlinearity effect was studied for the 2 mm thick
substrate of the same dimension described in Fig. 5. Thinner
substrates demonstrate a more distinct effect of geometric non-
linearity. Disbond was not considered for this analysis. In the
following discussion, linear analysis refers to geometrically liner FE

""The degree of crack-tip stress singularity where a crack front intersects
with a free surfaces differs from the inverse-square-root singularity developed
for the usual crack problem; consequently at free surfaces cracks cannot be
characterized by the SIF [26].
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3 L L L

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Gy, ki/m*
a) Crack length ¢ = 10 mm

0 0.5 1 1.5 2 2.5 3

Gy, kJ/m?
¢) Crack length a = 20 mm

analysis; the § factor is calculated from an SIF value. Any other
SIF values at different applied stresses can then be determined
by the B factor [Egs. (21) and (22)]. Nonlinear analysis refers to a
geometrically nonlinear FE analysis; load is applied step by step on a
deformed configuration caused by previous load steps. As shown in
Sec. IIL.C.1, two analyses are required to compute the effective SIF
range because the secondary bending effect will affect SIF, which
can no longer be scaled by the 8 factor.

Figure 9a shows the difference in SIF by the linear (L) and
nonlinear (NL) analyses. In Fig. 9b the SIF range computed by linear
analysis is compared with that calculated by the “alternate analysis”
method, marked as NL (see Sec. IILC.1). It can be seen that
geometrically nonlinear analysis is necessary; otherwise over-
conservative FCG life will be predicted.

In Fig. 10a the SIF range computed by a single nonlinear analysis
at the maximum applied stress [AK; = K; (1 — R)] is compared
with the true SIF range computed by the alternate SIF method
(AK, eff). The nonlinearity also produces an effective R ratio (R eff)
that is different from the applied cyclic stress ratio (stress R) (see
Fig. 10b). Thus, to compute the effective SIF range and R ratio by
nonlinear analysis, a single FE analysis is not enough; the alternate
SIF method must be employed (Fig. 10).

D. Fatigue Crack Growth Life Prediction

FCQG life was computed for the 2, 6, and 10 mm thick substrates.
The FE modeling has covered the effects of secondary bending,
disbond failure, and geometric nonlinearity. Test results used here
were obtained by Lee and Lee [13,14]. In [13,14] 3-D numerical
models were also developed and the lives were computed using the
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Fig. 6 SERR(G;) distributions along the thickness for different crack lengths: comparison of 2-D and 3-D FE models, and also with a parabolic fitting of
the 3-D results (noted as “3-D par”’); 6-mm-thick aluminum plate with repair patch; z = 3 mm represents the patched side.

Paris equation. It is noted that different Paris coefficients for different
plate thicknesses were used, even though they are supposed to be
material constants. In this study the NASGRO equation and its
material database [27] were used. The material coefficients were the
same for any plate thickness. The calculated SIF range and effective
R ratio as a function of the crack length were input in the NASGRO
equation to compute the FCG life. In Fig. 11 FCG lives obtained by
using the unpatched side, the root mean square, or the weighted
values of SIF ranges are plotted and compared with the test results. It
can be seen that the best agreement with the test results is obtained by
using the weighted SIF solution. The final FCG lives and the errors
obtained from the models are shown in Table 2.

Given the scatter that is associated with the fatigue crack pro-
pagation tests, the modeling technique and the fracture mechanics
calculations introduced in Secs. II and III are considered to be
validated.

E. Parametric Study

Having validated the modeling technique against experiments, a
parametric study of the effect of the stiffness ratio [Eq. (27)] on the
FCG life is carried out. A project graph is developed to compare
different patch geometries and to help in selecting the lightest one to
achieve a life target (Sec. [V.E.2).

1. Effect of Stiffness Ratio

The influence of the stiffness ratio [Eq. (27)] was studied for two
substrate thicknesses (2 and 6 mm). In Fig. 12 the so-called “life
improvement factor,” that is the FCG life of patch reinforced plates
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normalized by that of unreinforced, is plotted against the stiffness
ratio (S). It can be seen that the higher the ratio, the longer the life. It is
also worth noting that under the same stiffness ratio more life
improvement could be achieved for a thinner substrate. It means that
the patch repair technique is more effective for thin substrates. To
improve the FCG life in a thick substrate, a thicker patch is required.

Gy 1op 2-D —E—

Gyrop3-D- -3 -

2-D—a—

3D- -a - ,

1w 2-D—e— ;!

Gy got 2-D —— %
1Bot 3D - -% -

10 + GI mean

I mean

a) SERR G; versus crack length

Z, mm

b

=

K, MPa m’?

d) Crack length a =25 mm

Fig. 7 SIF (K;) distributions along the thickness for different crack lengths: comparison of 2-D and 3-D FE models, and also with a linear fitting of the 3-
D results (noted as “3-D lin”); 6-mm-thick aluminum plate with repair patch; z = 3 mm represents the patched side.

2. Project Graph

From Fig. 12, the higher the stiffness ratio, the more life improve-
ment. Unfortunately, this also means that the repair patch would
be larger or thicker, increasing the structural weight and cost. To
achieve a prescribed FCG life by using the most effective patch
geometry, a project graph should be used. It is a graph that can lead

30 T
K 1op 2-D —B8—
K 1op 3D - -3 -
25 | KIrms 2-D .

Ky rms 3-D- -4 -
Kiy 2-D—e—
K| gt 2-D —x—

b) SIF K; versus crack length

Fig. 8 Comparison between 2-D and 3-D FE analysis of SERR (G;) and SIF (K;) versus crack length in different thickness positions. Top and Bot
indicate the patched and unpatched sides, respectively; the mean value of SERR is linked to the rms of SIF, and w is the weighted value.
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b) AK; versus crack length

Fig. 9 Comparison between linear (L) and geometrically nonlinear (NL) analyses for the 2-mm-thick plate with a repair patch. Parameters are plotted
for different positions along the thickness: Top and Bot indicate the patched and unpatched sides, respectively, and w is the weighted solution.
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a) AK; versus crack length

0.2 T
Regp eff —8—
R, eff —e—
018 |  Rporeff —<— .

stress R

b) R ratio versus crack length

Fig. 10 Comparison between two geometrically nonlinear analyses for the 2-mm-thick substrate plate in terms of SIF range and R ratio. One solution
was determined by just one nonlinear analysis at the maximum stress, and the other used the “alternate analysis” (effective values). Each parameter
represents a position through the plate thickness: Top and Bot indicate patched and unpatched sides, respectively, and w is the weighted value.

the designer to the best patch geometry for a given fatigue life target
(see Fig. 13). It was originally developed by the authors in [17].

The x axis shows the width ratio (w,/w, = repair patch width/
substrate width). The left y axis is the percentage life increment AN
[Eq. (28)] and the right y axis shows the percentage of structural mass
increment Am [Eq. (29)] due to the patch

Nreinf - Nunreinf

AN = x 100 (28)
Nunreinf
(mr + ms) — mg m,
Am = ——F—=x 100 =— x 100 29)
mg my

where N, and Nyeine are the FCG lives of the reinforced and
unreinforced substrates, respectively, and m, and m, are the weights
of the repair patch and substrate, respectively.

In the graph there are three pairs of curves. Each pair refers
to a specific thickness ratio (z,/t, =repair patch thickness/
substrate thickness), or a stiffness ratio (S), and is indicated by a
unique symbol (triangle, square, or circle). For each pair of
curves, the solid line refers to the life increment and is read on
the left axis, and the dashed line refers to the mass increment
and is read on the right axis. As an example, two project graphs
for two substrate thicknesses (2 and 6 mm) are shown in
Fig. 13.

Table 2 Comparison of predicted and measured FCG lives and errors

t,, mm 2 6 10
Test FCG life [13] 250,000 325,000 90,000 98,000 68,000 76,000
RMS 403,800 147,800 104,300
+61.52% +24.24% +64.22% +50.81% +53.38% +37.24%
Weichted 295,400 108,100 75,100
cighte +18.16% —9.11%  +20.11% +103% +1044% —6.44%
Unpatched side 136,100 47,600 30,700
—4556% —66.43% —47.11% —51.43% —54.85% —59.61%
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Fig. 11 Computed FCG lives against test results from [13,14] for three
different substrate thicknesses. The predicted FCG life was computed by
three representative SIF range values through the thickness: Bot
indicates the unpatched side, rms the root means square, and w the
weighted value.

Figure 13ais explained to show how to use the project graph. First,
a life increment target is decided, for instance, 3 times or 300% life
increment. Following the horizontal arrow three strap geometries
that are able to produce that specified life increment target can be
found. The weight increment that corresponds to those three
solutions can be read on the right axis; consequently, the lightest
patch geometry able to achieve that life target can be found. In this
case the weight increment is just under 3% for S = 0.5.

Another example for a thicker substrate (6 mm) is shown in
Fig. 13b. After deciding a life improvement target, for example,
175%, the lightest patch able to reach it can be found. To summarize,
if a project graph is established, the lightest and most effective patch
geometry can be found for a given life improvement target.

V. Conclusions

The relevant failure mechanisms affecting patch repaired plates
have been assessed by means of an enhanced 2-D FE modeling
technique that takes into account the substrate crack propagation as
well as the disbond failure of the adhesive bond. Equations to
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Fig. 12 FCGlifeimprovement as a function of the stiffness ratio for two
substrate thicknesses: 2 and 6 mm.

compute the SERR and the SIF along the crack front have been
developed to take into account the secondary bending effect. This
2-D method is validated against a 3-D FE model.

The effect of geometric nonlinearity inherent of the single-sided
patched plates has been shown in terms of the SIF, SIF range, and
effective R ratio, and a methodology called alternate SIF analysis has
been employed to compute the effective SIF range and R ratio. To
deal with the effect of crack front curvature, a weight function has
been developed to take into account the interactions of the different
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Fig. 13 Project graph: examples and demonstration of its application.
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SIF values through the thickness and crack front shape; the FCG lives
were computed by integrating the SIF values of the unpatched side,
rms, and weighted average, and the best agreement with the test
results was obtained by the weighted SIF value.

The effect of the patch/substrate stiffness ratio was also studied.
The higher the stiffness ratio, the better the FCG life improvement.
Unfortunately, a higher stiffness ratio requires either a stiffer patch
material or a thicker patch; the latter means increased structural
weight. To find the most effective patch geometry, the project graph
was developed. By using this tool, once a life improvement target is
decided, all the patch geometries able to reach that life target can be
found with their corresponding weight gains. The lightest solution
can be found for a given life.

Finally, it is worth noticing that the bonded patch repair technique
is much more effective on thin substrates, that is, the same stiffness
ratio produces a larger life increment for a thinner substrate than it
does for a thicker substrate.
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